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Abstract 

The l i m i t a t i o n s  due t o  mul t ip le  Coulomb s c a t t e r i n g  on 

the  minimum dimensions of small  col l imated beams of heavy 

charged p a r t i c l e s  are discussed. The standard dev ia t ion  d 

f o r  r a d i a l  s c a t t e r i n g  f o r  protons,  of energ ies  up t o  160 Xev, 

i s  ca l cu la t ed  f o r  water and aluminum and the r e s u l t s  compared 

with a number of experimental determinations.  The e f f e c t  cf 

mult iple  s c a t t e r i n g  on the  e f f e c t i v e  i3ragg lor l izat ion curve 

i s  evaluated f o r  collimated beams of c i rcu. lar  and rec tangular  

c ross  sec t ion .  
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1. In t roduct ion  

Small beams of high energy p o s i t i v e  Ions such as protons 

or  alpha p a r t i c l e s  have fsund app l i ca t ions  i n  b i o l o g i c a l  

research  and medical therapy because of the i r  low s c a t t e r i n g  

and favorable  depth dose c h a r a c t e r i s t i c s .  They have been 

used t o  c r e a t e  i s o l a t e d ,  well-defined r a d i a t i o n  l e s i o n s  (for 

exarhple, t o  des t roy  the  p i t u i t a r y  gland which i s  loca ted  

near  t h e  cen te r  of the  head) with 3 minimum o f  clamage t o  

surrounding s t r u c t u r e s  . Yarrow rec tangular  "knife  edge" 

beams have been employed as  s u r g i c a l  t c o l s  i n  b r a i n - s p l i t t i a g  

experiments o r  t o  cu t  the s p i n a l  cord of l abora to ry  animals. 

An e x c e l l e n t  review cf the sub jec t ,  w i t h  ex tens ive  b ib l iog-  

raphy, i s  given by Tobias. 1 

The present  a r t i c l e ,  an outgrowth of  work of t he  Narvard 

Cyclotron Biomedical F r o j e c t , 2  dea ls  e x p l i c i t l y  w i t h  the 

e f f e c t s  of mult iple  Coulomb s c z t t e r i n g  on the  dose d i s t r i -  

but ion i n  small proton beams of eqergies  up t o  about 1 6 C  Yev 

and eva lua tes  the  r e s u l t i n g  lid 'is 011 the  rninirfiurn p r a c t i c z l  

diaensions of such beams. 

The r e s u l t s  may have more general  u se ,  a s  f o r  example, i n  

ca l cu la t ing  t h e  rninimum l a t e r a l  d i a e w i o n s  required i n  

designing t o t a l  obscrption s c i n t i l l e t i m  coLqters and s o l i d  

s t a t e  de t ec to r s  f o r  measuring the  energy o f  c o l l h a t e d  beams 

of charged p a r t i c l e s .  
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2. Czlculat ion of t he  Standard Devic3tio.1 f o r  Mult iple  

S c a t  t e r inp; 

Followirg i 9 i t i a l l y  the treatment of' Hethe and. Ashkin, 3 

suppcse a p z r a l l e l  beam of ffist p 2 r t j c l e s  o f  charge z ,  

momeqtum p ,  and v e l o c i t y  pc (where c I s  t he  v e l o c i t y  of 

l i g h t )  i s  inc iden t  normally on a t h i n  s l a b  of ma te r i a l ,  

th ickness  t g/cm', of an element of atomic number 2 and 

atomic weight A .  If t is of  such a magnitude t h a t  each 

p a r t i c l e  undergoes many small-angle Coulomb s c a t t e r i n g  

I r t e r a c t i o 2 s ,  t h e  emerging p a r t i c l e s  w i l l  have an approx- 

i n n t e l y  G a u s s i a n  &.?gular d i s t r i b u t i o n  given by 

where F(0) i s  t h e  p robab i l i t y  of a p a r t i c l e ' s  emerging a t  

an angle between 8 end Q+dq with  t h e  normal and t h e  angular 

s t m i a r d  9evl.ation aq = <g2>li2, t he  root  mean square 

a n g v l e r  de f l ec t ion .  

If t is small  enough so  t h a t  p may be considered cons tan t  

w i t h i n  the  s l a b ,  .and i f  the s c a t t e r i n g  angles a r e  small, 

I n  this, pc is i n  u n i t s  of Mev and ex and A m  a re  r e spec t ive ly  

t h e  maximum and minimum angles of s i n g l e  s c a t t e r i n g  events.  

The value of Om i s  determined by sh ie ld ing  of the nuc lear  

charge by t h e  atomic e lec t rons ;  i t  may be ca l cu la t ed  wi th  more 



than adequate precis ion.  

the  choice of  qX i s  r a the r  a rb i t r a ry .  

de f l ec t ion  which, on the  average, i s  exceeded by on ly  one' 

s ce t t e r iqg  eveqt per p s r t i c l e  i r l  j t s  passape through the  s l a b ,  

and i f  the r e l a t i o n  O.73Zz/$ < 1 h o l d s  ( a s  It does i n  our 

present  range of in te res t ) ,  then' 

Except zt very h i g h  energies, however, 

I f  we def ine  gx a s  t h a t  

The ac tua l  sca t te r ing  exceeds the Gaussian d i s t r i b u t i o n  

a t  l a rge  angles. 

<n2> only f o r  a Gausslan d i s t r ibu t ion ,  is obtsined by using 

an appropriate large-angle cut-off ,  ox. 
t heo re t i ca l  treatnnents t h m  the zbove a re  aval lFble ,  but the:r 

are  d i f f i c u l t  t o  evaluate.  It i s  our purpose t o  car ry  out a 

s implif ied treatment and t c  compare i t s  pred ic t ions  w i t h  our 

experimental r e s u l t s .  

Hence a b e t t e r  es t lmate  of o Q 2 ,  which equals 

"lore accurate 

As long as p @  var i e s  only s l i g h t l y  i n  the  thickness of 

the slab, we can ce r t a in ly  divide the  l a t t e r  i n t o  s l i c e s  of 

thickness dx crn and rewrite Eq. 2 as 
T' 

where p i s  t h e  densi ty  and T = t /p the thickness of  t h e  s l ab  

i n  cm. 

the mean square def lect ions d<g2> = pq'dx are  a j d i t i v e . )  

We now make the  assumption t h a t  E a .  4 caq be extendee 

(This  follows fron: t he  f a c t  t h a t ,  fop sm11 def l ec t ions ,  

t c  ccver the case of a s lab  cf a rb i t rn rv  thickness T ,  although 

t h i s  i s  E somewhat uncertain extens'( \? of t b e  elernentar:: theor;. 

3 e c x s e  of the manner in which ex wqs defined. 
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- i teferring t o  Fig.  1, consider t he  ra .d i a .1  dev ia t ions  r 

from t he  x-axis ,  a t  a d is tance  S from t h e  f r o n t  f ace  of a 

slab of thickness  T ,  of p a r t l c l e s  whose paths  coincide w i t h  

the x-axis a t  x = C . .  For small d e f l e c t i o n s ,  any t h i n  l a y e r  

dx w i l l  cause an increase j<r2> in the mean square value 

<r2> eqca l  t o  ( ~ - x ) ~ d < a ~ >  

LI w i l l  be given by 

Then the  r a d l a l  stancjard devia t ion  

T 

0 
O2 = <r2> = p s  q2(S-x)2dx cm2 5) 

If the  i n i t i a l  p a r t i c l e  r m p e  i s  nuch  g r e a t e r  than T, 

t he  v a r i z t i o n  of a wi th in  t h e  s l ab  may be small enough so 

t h a t  we may rep lace  q by i t s  value qc a t  t h e  center .  

venient  approximations then a r e  

Con- 

<r2> = - 1 pqc2T' i f  S = T. 
3 (7) 

In  case t h e  s c a t t e r i n g  ma te r i a l  i s  a mixture,  o r  a 

compound, cons is t ing  of  f r a c t i o n s  by weight wi of atoms 

charac te r ized  by atomic number Zi and atomic weight A i ,  w e  

may r ewr i t e  Eqs.  2 and 3: 
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The quzn%it$ F i s  a slowly varying func t ion .  It  i s  

p l o t t e d  i n  Fig.  2 f o r  protons i n  aluminum, of  i n i t i a l  range 

pRo = 22.3 g/cm2, i n i t i a l  energy Eo = 158 !.lev, an6 f o r  a 

th ickness  T = Ilo cm. 

No. 3 9 ,  Nuclear Science S e r i e s ,  "Jat ional  Academy of Sciences 

Pub. No. 1133(17%)). I n  t h i s  ca se ,  F i n  Eq. 9 i s  a func t ion  

only of p ,  whose va lues  a s  a func t ion  of t h e  3ept): i r l  t h e  

scat, te ,,i.. y n - t e  *- 1, px ,  can be co.ir~,l;e ' pn(:r7: i8c :,ne- energy 

t a b l e s .  While F becomes infinite logar i thrn ic ly  a t  t h e  en6 of 

the proton range,  s = l<o, i t s  Everage  value over i t s  range is 

r a t h e r  c l o s e l y  approximated by i t s  v a l u e  a t  midpoint,  X = T/2, 

c a l l  i t  F(1/2T). . 

(ilanges have been taken from 3eport  

S u b s t i t u t i n g  Eq. & i n  Eq. 5 and removing F' f rom t h e  

m 
i n t e g r a l  : 

An e x c e l l e n t  approximate r e l a t i o n  giving p$c as a func t ion  

of t h e  r e s idua l ,  proton renge i s  

(11) p 2 p c 2  = alpH)b = apb(Ro-x) b 

In  which a and B are cons tan ts .  [If f i t t e d  a t  8C and 150 ldev, 

a = 4141 and b = 1.C72 f o r  protons i n  water ;  a = 2992 and 

b = 1.084 i n  aluminum; p~3 i n  g/crr,' and p$c i n  I\;ev.] 

?or t he  s p e c i a l  case when d2 i s  t o  be ca l cu la t ed  e t  a 

depth i n  m a t e r i a l  eauti1 t o  t9e i n i t i a l  Droton range ,  S = d = T. 

S u b s t i t u t i w g  Eq. 11 jn 10 and i n t e g r a t i n g :  
0 
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E q s .  12a and 12b a r e  p lo t tc r l  i:n. FSg.  3 ,  (‘{slues of  

F(1/2A0) are czlculated from Eq.  9 ,  with T = Ho and 13 
computed a t  x = 1/22,.) 

t h a t  the  empirical  eqcations below a r e  j u s t  about a s  accurate8 

These r e l a t i o n s  a r e  so  near ly  l i n e a r  

Go = C.03C.7 ;io cm (protons i n  water) ( l a c )  

If instead of Eq. 11 we s u b s t i t u t e  i n  Eq. 1C the  

somewhat l e s s  accupate r e l a t i o n  

w i t h  the s ing le  adjustable  constant A, t he  r e s u l t  can r ead i ly  

be integrated f o r  the case S = T 

t h i s  corresponds t o  finding 3 a t  any ? e p t h  T ir, t h e  s c a t t e r i n g  

mater ia l  l e s s  t i s? -  .<o.) 

Ro (3e fe r r ing  t o  Fig.  1, 

where y = T/lio. A t  the  end cf t h e  n ro tcn  range, T = A0 and 



less  accu rz t e  express ion  t h a n  Eq.  12 .  !!owever, t he  r e l a t i o n  

whjch i s  p l o t t e 5  i n  9 i g .  I+,  c a n  be u s e d  t o  ext imate  d a t  an:: 

v a l v e  y = T/do i n  terms of  bo given by %q. 1 2  o r  F i g .  1. 

(A s m , a l l  error i s  in t roduce i  by i g n o r i n g  t h e  variation i n  

F(1/2T) . ) 
3. S e m s  of CirculaT Cross s c c t i c  n 

ConsiJer r? c i r c v l a r  bean o f  y s r t i c l e s ,  p a r a l l e l  t o  t h e  

x-axis and of n e g l i g i b l e  c ross  s e c t i o n ,  i n t i d e n t  normally cn 

a s c a t t e r f n g  nedium a t  x = G. After  pene t r a t ion  t o  3 depth 

x cm, a t  which t h e  standard 3 e v i a t i o n  (std.. dev.) i s  d, t’?e 

r a d i a l  i n t e n s i t y  d i s t r i b u t i o n  w i l l  be 

-r / cj2 e 1 I ( r , x ) =  --- 
T i l2 

(15) 

where r i s  t h e  d i s t a n c e  measured normal  t o  t h e  x-axis ,  and I 

i s  a func t ion  of x through the stanclsrd d e v i a t i o n  dx). 

If we change t o  r? v a r i z b l e  u = r /d ,  t h e  f r a c t i o n  of the 

t o t a l  beam f lux  wi th in  a c i r c l e  o f  r s d i u s  r = u U  i s  

X u#efLl  r e l a t i o n  vhich fo l lcws  from E q s .  (15) ~ 2 d  (17) 

i s  t.-.ct; “,?e :.et! c c p  t he  i n t c ~ - s i ’ + , : ~  p r  *?--  h e m  orl t h e  r e r iw te r  

of a c i r c l e  o f  ra3.ius u_ t o  t h e  i n t e n s i t y  on t h e  a x i s  i s  e q u z l  
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t o  t3e f r a c t i o n  of the t o t a l  beam sca t t e red  outs ide  of t he  

c i r c l e ,  i . e . ,  

If t h e  i n i t i a l  beam had an appreciable  c ross  s e c t l o n ,  

w i t h  a r a d i a l  i n t e n s i t y  d i s t r i b u t i o n  charac te r ized  by a s t d .  

dev. ai a t  x = 0,  t h e  e f f e c t i v e  s t d .  dev. a t  a depth w i l l  be 

Jex t  consider a beam of f i n l t e  c ross  sec t ion  which a t  

x = G \as passed through a c i r c u l a r  co l l imator  of r ad ius  rc 

over which t9e  i n t e n s i t y  i s  gniform. Assuming t h e  beam has 

i n i t i a l l y  n e g l i g i b l e  annular divergence, then a t  a depth  such 

t h z ?  J(x)krc the beam w i l l  have l o s t  i t s  sharp edges and I ( r )  

w i l l  approxinate a Gaussian 3 i s t r j h u t i o n  wi th  an e f f e c t i v e  

s t d .  dev. given by 

I n  t h i s  l a s t  case,  t h a t  of an i n i t i a l l y  uniform beam of 

rad ius  rc, the  general  i n t e n s i t y  func t ion  I ( r , x )  i s  complicated. 

However, t he  i n t e n s i t y  I (o ,x )  on the  a x i s  ( r  = G )  and at a 

depth 11 i s  easy t o  f i n d .  Aeferring t o  F ig .  5, t he  con t r ibu t ion  

t o  I (o ,x )  coming from p a r t i c l e s  which passed through a r ing a t  

x = 0 ,  i n  t h e  plane of the col l im,?tcr  and of  arc2 2 m  d r ,  is 

propor t iona l  t o  37rr e 4 r ,  E??d sc  
-r2//Cr2 
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A t  x = C ,  d x )  = C an,? hence Eq. (21)  hes  beei  norma.lized t o  

make I ( o , o )  = 1. 

For a uniform beam of protons of i n i t i a l  range do = 12 cm 

of water, p a r a l l e l  t o  the x-axis and incident  on a c i r c u l a r  

col l imator  of r a d i u s  rc cm, the p l o t s  of Eq.  (21) i n  F i g .  6 

show the decrease i n  the r e l a t i v e  niimber of p a r t i c l e s  per  u n i t  

a rea ,  on the  a x i s ,  a s  a function of t he  water path beyond the  

coll imator.  We have here neglected absorption. The s t d .  eev. 

d x >  has been taken from F j n s .  3 and 4. 

Actually, the  number of p r i m a r y  p a r t i c l e s  i n  a high energy 

proton beam decreases somewhat wi th  penetrat ion i n t o  a medium 

as a r e s u l t  of nuclear in te rac t ions .  

average l i n e a r  densi ty  of ionizat ion increases  along the pa ths  

of  the  individual  protons as t h e i r  v e l o c i t i e s  decrease,  r i s i n g  

t o  a maximum, the  Bragg peal., near the  end of t h e  range of t h e  

beam. The "dose", i n  terms of the  average energ;- absorSed pe r  

gram, va r l e s  as ?c- i i l+;  c r  :>11 t h r e e  fac tors :  s c a t t e r j r g ,  

ahscrption, and changing r a t e  of energy l o s s .  

A t  t h e  same time, the 

In  Fig. 7 i s  p lo t ted  the r e l a t i v e  dose D(o,x) on the  

ax i s  of' a c i r c u l a r  protcn beam of i n i t i a l  radius  rc and range 

H, = 13 cm of water. 

f o r  a beam of su f f i c i en t ly  l a r g e  rad ius ,  i . e . ,  when rc >> d. 
The top curve i n  Fig. 7 accordingly shows t he  va r i a t ion  i n  

dose due so le ly  t o  absorption and t o  the  changing r a t e  of 

energy loss. The lower curves show the  e f f e c t s  of decreasing 

the  coll imator radius.  They are obtained by multiplying the  

top curve, point  by point ,  by t h e  ordinates  of the cnrves i n  

Fig. 5 .  

The e f f e c t s  of s ca t t e r ing  a re  neg l ig ib l e  

I 
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4. ~ e a r r s  of i jectangular Cross Sec t ion  

Consid.er a beam, i n i t i a l l y  p a r a l l e l  t o  the x-axis,  

formed by a co l l ima to r  loca ted  a t  x = 0 of  width 2 and 

e f f e c t i v e l y  i n f i n i t e  l e n g t h .  Lieferring t o  Fig. 6, l e t  P be 

a point; i n  t h e  y , z  plane a t  a depth x i n  a medium a t  t;hich 

t h e  s t d .  aev. i s  d ( x ) .  Let be the d i s t a n c e  of P from the 

c e n t e r  l i n e  of the beam. Then t h e  c o n t r i b u t i o n  t o  t h e  

in t ens i ty7  I a t  F due t o  p a r t i c l e s  which a t  x = 0 passed 

through an area d y  d z  of  t he  col l i rnator  w i l l  be p ropor t iona l  

t o  e-r2/d2dy dz  where r2 = y2 + z2. 

(22) 

J2 452 Sy the  s u b s t i t u t i o n s  Q1 = >r(a+w/2)  and Q2 = --,(a-w/2) 

Ea. 22 may be w r i t t e n  i n  the form tabula ted  f o r  t h e  normal 

e r r o r  f 'unction: 

-( 1 I ( a , x )  = - ,rS, - 

which i s  normalized t o  make I approach u n i t y  as  w -+ 09. 

I n  t h e  s p e c i a l  case i n  which w/d << 1, Eq. (22) reduces 

t o  
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The i n t e n s i t y  I(o,x) on the  a x i s  ( y  = z = 0)  of an 

i n i t i a l l y  uniform, p a r a l l e l  beam formed a t  x = 0 by a 

r ec t angu la r  co l l ima to r  of w i d t h  w and l e n g t h  1, i s  

which, if put  i n  t h e  usual  tebulatec?. form, becomes 

w1 - y / 2  

24 I ( o , r )  = 4L1/v~-2~ f Jo e 
(25) 

Fig. 9 shows 8 p l o t  of I ( o , x )  a.s a func t ion  of 

Q2 = 
much g r e a t e r  than i t s  wid . th ,  i . e .  v >> w. 

f o r  t h e  case of 2 r ec t aqgu la r  co l l ima to r  of l e n g t h  

Fig. 10 shows p l o t s  of I ( o , x ) ,  aga in  f o r  TI >> W, f o r  the 

case  of a pro ton  beam of i n i t i a . 1  range R o  = 1 2  cm water ,  as  a 

func t ion  o f  x. 
Fig. 11 i s  a p l o t  of the r e l a t i v e  dose func t ion  D(o,x)  

on t h e  a x i s  of  t3ne same beam, o f  Ro = 12  cm and v >> FI. 
t o p  curve,  as i n  Fig. 6 ,  i s  t h e  Bragg curve f o r  a beam of 

i n f i n i t e  c ros s  s e c t i o n ;  the lower curves a r e  f o r  v a r i o m  

f i n i t e  va lues  of t h e  s l i t  width 1. 

The 

5. I n f i n i t e  S t r a i g h t  EdPe 

Suppose an i - n i t i a l l y  urliform beam of  p ro tons ,  p a r a l l e l  

t o  t h e  x a x i s ,  s t r i k e s  a co l l ima to r  cons i s t ing  of a s i n g l e ,  

i n f i n i t e  s t r a i g h t  edge, co igc ident  with t h e  z -ax i s ,  a t  x = C, 

and then  e n t e r s  a s c a t t e r i n g  ae2iu.n. If the s t d .  dev. i s  



j ( x )  s j t  ;1 C L ? D ~ \  2, the  irtensit:.  resu l t ing  from scat tebing 

?lone ;it 4 distslnce 8 frcm t \e  g e m e t r i c s l  sh?edow v i11  Se 

( 2 3 )  

where the + sign i s  t o  be use? f o r  a point  3 cm outs ide the  

geoae t r ica l  shnadow 2nd the - s ign  f o r  a po in t  i n s ide ,  an? 
- 

u) = .-2 a/o. 

L .  Experimentd Test of Theory 

In tens i ty  d i s t r ibu t ions  of proton beams a t  various 

depths i? absopbers of a lu rn imm and  water have been measured. 

The e x p e r i m n t d  arrmgement 2 s  s h o m  i n  F i g .  12 .  Protons 

of approximtely 158 .leV eqerg:7 from the  Ya.rvarc?. cyclotron 

e re  degraded. t b  1 lower evlerpy 8 s  reauirecl. by the degrader, F. 

fi  nsrrov b e m  i s  define? by 2 mn 2iameter aper tures  i n  3.E cm 

thick b r a s s  pla. tes E t  A an?. C .  A thin-wdled ioq iza t ion  

chamber, I C ,  ple.ce2 E.fter e. 7 TCR diameter z?er tcre  a t  a ,  
monitors the irltelnsity of  t he  t r znsx i t t ed  beam. The collimated 

heem enters  the  ?.bso?ber of t9ickness T ,  3.95. the  i n t e n s i t y  

Z i s t r i b u t i o r  of  the  Seam 2s i t  e.nerges frox t he  absorber i s  

mxu.re3. by the  de tec tor ,  D.  

srnall s i l i c o n  dior?e, can be mover1 c?.cross the e x i t  f ace  of t he  

absorber by meerls of a mor?ified microscope s tage  equipped with 

relnote controls  an$ readout. The shor t - c i r cu i t  current  

generster! by the  dio2.e vhen exposel" t o  the  proton been i s  

integrated wi.th respect t o  time u s j n g  8 vlbrF.tiQg-ree6. e lec t ro-  

'meter*. The performance o f  t h i s  4.etector syste? i s  described 

*%ry 'Yc6el 51 C ! J ,  Applied. Fhysics Copr. 

The detector, consis t ing o f  a 

:oT:rovie, C a l i f .  
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i n  Aef. (4). 
i n t e g r a t i n g  e l ec t rome te r ,  and t h e  beam i s  qutoTrlc7ticd1j' 

switched o f f  vhen a preset  quant i ty  of charge has been 

c o l l e c t e d .  

c o l l e c t e d  from t h e  s i l i c o n  diode p e r  u n i t  charge from the  I C  

is recorded,  thus  normalizing R g a i r l s t  chznges i n  i n c i d e n t  

bean! cu r ren t .  

The signal from t h e  monitor I C  is fed i n t o  an 

A t  each p o s i t i o n  of t he  d e t e c t o r  t h e  charge 

A r e p r e s e n t a t i v e  s e t  of measureqents f o r  127 lev nro tons  

incir ient  on water i s  p l o t t e d  i n  Fig.  13. F r o f i l e s  were f i r s t  

rnade a t  r i g h t  angles  t o  the oqes sklotm t o  determine a s  rlezrly 

as p o s s i b l e  t h e  p o s i t i o n  of t h e  t r c e  diarreter .  The same 

measurenents have been re -p lo t ted  on a Gaussian s c a l e  i n  

Fig. 14.5 I t  i s  ev ident  

n e a r l y  Gauss im i n  forn. 

i s  taken a s  one h a l f  the 

t h a t  the measured d i s t r i b u t i o n s  a r e  

The rnessurec! s tandard d.evis t ion d m 
diameter between p o i n t s  of 37% 

r e l a t i v e  i n t e n s i t y  and can e a s i l y  be determined f r o n  the 

Gaussian p l o t s .  

The w i d t h  o f  the  beam i n  t h e  absence of  s c a t t e r i n g  

m a t e r i a l  must be taken i n t o  account. 'de have measured t h e  

standard d e v i a t i o n  

a i r  f o r  each energy used and a t  s e v e r a l  d i s t a n c e s  T. 

i n t e r p o l a t i o n  was used. t o  e s t ima te  d 

These values  were used t o  c a l c u l e t e  t h e  s tandard devin.tion 

due t o  s c a t t e r i n g ,  0 ,  using t h e  r e l a t i o n s h i p  

of t h e  beam i n t e n s i t y  d i s t r i b u t i o n  i n  a 
Linear  

a t  o t h e r  va lues  of T. 
R 
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The r e s u l t s  a r e  given i n  Fig. 17 a.nd Table I. Figure 1 6  

i l l u s t r a t e s  t h e  r e l a t i o n s h i p  between the ston2ard : leviations 

of Eq. (27) as  a func t ion  of dep th  i n  t h e  absorbers ,  hesed 

on t h e  d a t a  o f  F igs .  13 and 14. 

The u n c e r t a i n t y  i n  t h e  measured. s tandard d e v i a t i o n s  dm 

and da i s  estimated t o  be k0.07 mm. From Eq. (27) i t  fo l lows  

t h a t  t h e  e r r o r  i n  d i s  given approximately by 

(28) 

Values o f  c a l c u l a t e d  by Eq. (28)  a r e  included i n  T;lble I. 

F i n a l l y ,  a l l  the experimental ly  determined. va lues  of 

have been combined i n  Fig. 17 'u s ing  t h e  d i m e n s i o d e s s  

q u a n t i t i e s  O/O 

range i n  t h e  s c a t t e r i n g  ma te r i a l  and d2 

d e v i a t i o n  due t o  s c a t t e r i n g  R t  t h e  end o f  range. Agreement 

and. T/Fio, where Ro i s  t h e  Tneen proton  
RO 

i s  t h e  s tandard  
0 

between the  experimental  p o i n t s  end t h e  curve ca l cu la t ed  

from E u s .  (12) and (15) i s  reasonably good. 

The i n t e n s i t y  d i s t r i b u t i o n  i n  a beam def ined  by a s l i t  

of C.75 mm width using protons of ab0u.t 134 'lev i n c i d e n t  on 

a water absorber was also measured.. The s tandard  d e v i a t i o n  

obtained a t  11.4 cm dep th  i s  3.68 mrn while t he  c a l c u l a t e d  

value i s  3.69 mm. 

The au thors  a r e  happy t o  acknowledge the he lp  given by 

Xr. Gerry Po lucc i ,  'Ir. Jon Dickinson, and 'ks .  C i c i l y  Hajek. 
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Figure Captions 

1. 

2. 

3. 

4. 

5. 

5.  

7. 

A sca,,ering event i n  an elemeznt dx, a t  a distarlce x from 

the  f r o n t  face of  a s l a b  of  mnter ia l  of  t o t a l  thickness  

T ,  causes a displacement r In the  p o s i t i o n  of P p a r t i c l e ,  

measured a t  a d i s tance  S from x = 0.  

The funct ion F(px)  , defined by Eq. 9, f o r  protons of 

i n i t i a l  range Ro = 2.33 g/cm2 i n  alwninum. 

Values of do, t he  standard devia t ion  f o r  protons of 

i n i t i a l  range Ro g/cm2, a t  t he  end of t h e i r  range, 

ca lcu la ted  from Eqs. 12a and 12b f o r  water and aluminurn 

respec t ive ly .  

The ca lcu la ted  r a t i o  d/do of the standard devia t ion  

f o r  protons,  df i n i t i a l  range R o 9  a t  a d e p t h  T i n  a 

given ma te r i a l ,  t o  t h a t  a t  t he  end of t h e  proton range. 

A p a r a l l e l  beam of p a r t i c l e s  i s  i n i t i a l l y  l i m i t e d  by a 

c i r c u l a r  col l imator  o f  rad ius  rC. 

I ( o , x )  i s  the  calculated r e l a t i v e  i n t e n s i t y  (protom/cm2) 

on the  ax is  o f  a uniform c i r c u l a r  beam, of i n i t i a l  

range Ro = 12 cm of water and r ad ius  rc mm a t  t h e  

col l imator ,  as  a function of  water p a t h  X. Absorption 

i s  neglected; t he  cha.nge i s  due t o  s c a t t e r i n g  alone. 

The r e l a t i v e  dose D(O,x) on the a x i s  of a uniform c i r c u l a r  

proton beam, of i q i t i a l  range Ro = 1 2  cm of water a n d  

radius  rc mm a t  the  co l l imator ,  a s  a func t ion  of w t e r  

p a t h  x. i s  an experimental Bragg 

curve,  t he  o the r s  a re  ca lcu la ted .  

The curve f o r  rc = 



8. 

9. 

10. 

11. 

12 . 
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Figure Captions (continued) 

Scat ter ing t o  a poiqt  P ,  a t  a d l s t a x e  from the a x i s  

AA’ of  a collimated rectangular beam of  width W, from 

an eleqent dxdy. 

The function I ( o , x )  of Equation 25,  p lo t ted  vs .  

(f.12 = &-2d, where W i s  the  width o f  a rectangular 

col l imator ,  of length V >> W; d i s  the s t d .  dev. 

f o r  s ca t t e r ing ,  ant  I(o,x) i s  the i n t e n s i t y  on the  

a X i s  s t  a depth x. 

The calculated in t ens i ty  I ( o , x ) ,  on the  e x i s  a t  a 

depth x, for a proton beam from a rectanguler 

col l imator ,  of k 7 i C l t 9  ’ J  nlli; and l e n g t h  V >> W, and 

i n i t i a l  range Ro = 1 2  cm of water. 

neglected. 

3e l a t ive  dose D(o,x)  on the long ?xis of  a uniform 

r e c t a n g u h r  Seam, of L i i . t i a l  range l?lo = 1 2  cm of 

water, width s i ,  F J ~ I  l ength T; >> N ,  e s  s fi irctioq of 

rj-ster pc  t’i x. curve  W = 03 i s  S’I experiqiertcl 

Ejr~:syg c:i-vs, the r , t he rs  ;,L e cc-llciilatei’. 

Diagram of  experimental arrangement. 

i s  incident  on the degrader, F ,  and i s  collimated by 

2 mm diameter apertures a t  A and C .  The ion  chamber I C  

behind a 7 mm aperture a t  B Tonitors the  t ransmit ted 

beam. T”le absorber of  thickness T i s  placed about 

20 cm a f t e r  C. The s i l i c o n  diode f ie tector  a t  D 

measures in t ens i ty  as a funct ion of pos i t i on  y along 

Absorption i s  

n- 

The proton beam 
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Figure Captions (continued) 

13.  Beam i n t e n s i t y  AS a function of  pos i t i on  ? l o n g  ~1 diameter 

of the  beam, neasured a t  C cm (91,  5.7 cm ( b ) ,  8.7 cm ( c ) ,  

and 11.4 cm ( d )  depth o f  pene t ra t ioq  i n  writer. The 

incident energy is 127 '4eV m d  t he  mean end of rPnge i s  

a t  11.4 cm depth. 

Data of Figure 13  rormalized t o  lOO:.t i n t e n s i t y  a t  

maximum and p lo t ted  on a Gaussian scale .  

The stand ard deviatlon due t o  s ca t t e r ing  a t  various 

depths. The curves are calculated from E a s .  (12 )  aqd 

(15) of  Sect ion 2 ,  while the  poin ts  a re  experimental 

r e s u l t s .  Curve ( a )  i s  f o r  112 "lev protons on aluminum, 

curve (b? i s  f o r  158 4eV protons on aluminun, and curve 

( c )  i s  f o r  127 'lev p r o t o r s  on water. 

The r e l a t i o m h i p  betiflee? beam-width i n  the  absence of  

s ca t t e r ing ,  do; t he  sca t te r ing  co r t r ibu t ion ,  d; and the  

t o t a l  observed w i d t h  Om. The C'ata of Figures 13 al?d 14 

have Seen used for t h i s  exenple. 

14. 

15. 

16. 

17. Dimensionless p l o t  o f  the  s t a n d a r d  deviat ion 2ue t o  

s ca t t e r ing  versus depth of  penetrat ion.  The curve i s  a 

p l o t  of  Eq. (15) of Section 2. Gpen t r i a n g l e s  a re  

experimental r e s u l t s  f o r  112 'ieV protons on eluminum; 

s o l i d  t r i ang le s  f o r  158 'lev protons on a1cminu.n; open 

c i r c l e s  f o r  127 YeV protons on water. 
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